ABSTRACT Supercapacitors have been rapidly adopted to replace batteries in many instances from power tools to automotive and aviation. Designing systems incorporating supercapacitors necessitate an accurate model of supercapacitor to maintain system efficiency. However, due to varying impedance property of supercapacitor, modeling becomes critical with likelihood of introducing errors. This work proposes an enhanced model to predict the system dynamics under various initial state of charge in supercapacitors. The proposed flexible model is suitable to represent actual supercapacitor impedance without prior assumption on the model structure. The use of one model to cover the other various impedance structures is simple and possible to estimate accurate supercapacitor's impedance. Selection of impedance structure is selfregulated to improve the accuracy with minimum variables. To illustrate the variable structure fractional model, experimental results are shown with three different values of supercapacitors from three different manufacturers.
I. INTRODUCTION
Supercapacitor which is also known as ultracapacitor, has the ability to instantly respond to the fast charging and discharging demands and offers great longevity [1] - [4] . Although longer term storage and high potential leakage percentage are considerable problems, but on the other side, it is useful in intermediate storage system and exceptionally durable compared to conventional capacitors and batteries. Thus, it has been extensively utilized in areas where high power and potential energy is required, such as renewable systems [5] , [6] , electric vehicles [7] , regenerative breaking, medical sensors [5] and in many other industrial and consumer sectors.
Supercapacitors exhibit a electrochemical doublelayer (EDL) phenomenon which was first described by Helmholtz and later patented by Becker [8] . The structure of supercapacitor includes a membrane separator used to insulate and isolate the electrode from electrolyte [8] . Electrostatic force is used to polarize the electrode promoting formation of double layer in the electrolyte to store energy
The associate editor coordinating the review of this article and approving it for publication was Enamul Haque. through ions. Due to no chemical reactions involved, the process of charging and discharging are reversible contributing to its superior life cycle. A thin dielectric in porous like structure of the electrodes helps to achieve the high capacitance. This implies that they have greater power densities, typically 10 times than a battery and 100 times greater density then most conventional capacitors and falls in between batteries and conventional capacitors [4] , [9] . However, recently not only has supercapacitors been used as a stand-alone storage device but also as hybrid systems where these compact devices can capture more energy quickly as per demand and long range energy from batteries. The hybrid car in transport is most valuable example in this case. Such system works in a more efficient manner only when its modeling and components' behaviors have been studied carefully.
Various identification and modeling techniques focusing on supercapacitor behaviors have been presented in last decade. The fact that accurate modeling will help in assessment and control purposes. Literature clearly reveal that fractional calculus based models have been proven to have much better representation of the dynamic behavior when compared to integer counterpart [10] , [11] . Some remarkable contributions are published with fractional calculus theory, differently by frequency domain techniques [12] , [13] and time domain techniques [11] , [14] - [18] . These studies represent different supercapacitor models as per internal impedance characteristics and applications. Say for example, the examination of supercapacitors from current excitation response [19] , voltage excitation response [11] , voltage relaxation [20] , energy storage [21] or electrosorption phenomenon [22] are just to name a few. Even though in some cases the study of model and the study of characteristic are same, the transfer function would be differed. This is main motivation to generalize fractional supercapacitor model in our work. Every supercapacitor has its unique impedance structure due to the manufacturing process and materials it is made up of [23] . Representing the unknown impedance structure becomes a difficult task where accuracy in controls and system designing matters. This work aims to propose and to evaluate a flexible impedance model that posses the ability to adapt different impedance structures. Most commonly proven resistor-capacitor (RC) fractional model in literature is further examined with a new format to demonstrate more accurate representation. The proposed model can cover the other various impedance structures and likely to reduce the necessity of assuming impedance structure. The efficacy is verified experimentally on real-time measured data, obtained from three various brands and values of supercapacitors.
II. PROPOSED MODELING STRUCTURE
Consider a supercapacitor structure with presence of electrode resistance R 1 and electrolyte resistance R 2 . Besides this, capacitance C α is in series with the electrolyte resistance, while there is also a presence of leakage resistance R 3 that is parallel to this. The impedance model constructed for supercapacitor on this basis is illustrated in Fig.1 . The total impedance of such model can be calculated by the ratio of supercapacitor voltage to total current as given simply with Z (s) = V o (s)/I (s). The impedance Z (s) is calculated as:
where, s α is defined as fractional derivative and makes the overall impedance transfer function a fractional-order. In order to handle fractional derivative practically Caputo's conception is considered [24] and this definition (2) is based on a Euler's gamma function as written below. where the subscript c indicates Caputo's derivative, (.) is the Euler's gamma function defined in (3) and
This particular definition for fractional derivative is used due to Laplacian form of this resembles the Laplacian form of the integer order derivative when initial conditions are considered. The Laplace transform of (2) is
As can be seen from (4) that the fractional derivative is based on all past data and therefore it is known as long memory.
III. SUPERCAPACITOR RESPONSES FOR EXTRACTING INFORMATION
For the purpose of study, in this paper the charging and discharging circuits of the supercapacitor model are considered as in Fig.2 . A load resistor R L is used to connect the power source with the supercapacitor during charging cycle while it acts as a load during discharging phase. Let V i be the voltage to charge supercapacitor, V o be the voltage across supercapacitor and v(0) as the initial voltage of the supercapacitor. Using Caputo's derivative definition and analyzing Fig.2 (a) in s domain, the current (I ) that charges the supercapacitor can be determined as,
where
and
In (7),
From Fig. 2 , V o can be calculated as,
Substituting (5) into (9) and simplifying, one gets (10) where N 2 (s) is given by (11) .
In order to find the charging time response characteristics, the following property of inverse Laplace formula is used [25] .
where,
E is the two parameter Mittag-Leffer function and its order is defined from real values (α, β). Applying this to the voltage excited step input with magnitude V step that is V i (s) = V step /s will give corresponding charging expression in time domain for the supercapacitor circuit in Fig. 2 (a) as (14) .
Likewise, the electrical circuit analysis on the discharging circuit Fig. 2 (b) can be carried out to obtain the time domain response given in (18) .
Transient behavior of the supercapacitor when exposed to a step input voltage is described by time domain equations (14) and (18) and result into high equivalent series resistance (ESR). This causes contradiction with the property of supercapacitors having low series resistances. Thus, initial condition has been considered in this technique compared to other reported methods in literature.
IV. EXPERIMENTAL STUDY AND NUMERICALLY SOLVED PARAMETERS
A simple test circuit to collect step response data in time domain can be applied as shown in Fig.3 . The aim from this measurement will be to estimate the fractional impedance parameters in (1) . The test circuit is made of a voltage follower which acts as unity gain buffer and a load resistance that connects the power source with supercapacitor. Input of step voltage was supplied through the buffer circuit and a load resistance R L of 270 resistance. A printed circuit board (PCB) with twisted wires connecting the supercapacitor to PCB was used to limit noise to a minimum as shown in Fig.4 .
In order to justify the application of proposed model structure, three different brands of supercapacitors namely, AVX, Eaton and Kemet and different values are, 0.47F, 1F and 1.5F have been considered. Supercapacitors tested in this paper are given in the Table 1 . Collection of data for every input applied and following responses from a supercapacitor were recorded for 30 seconds time-frame. DSpace DS2004ADC module was used for collection of the data at a sampling rate of 1000 points per second. It is to note that a short transient response considered in this study also resembles the real world usage where supercapacitors are used to handle the abrupt change in potential. Some cases include regenerative braking [26] , power quality improvement in power lines (voltage flicker, voltage sags, filters, etc) [27] , interruptible power sources and volatile memory in PCs [28] .
The modeling of the supercapacitor was then based on the non-linear least squares (NLS) data fitting that allows the identification of parameters for charging and discharging equations (14) and (18) . NLS is defined by (19) 
where x is the vector of unknown parameters (C α ,R 1 ,R 2 , R 3 ,α), F(x) is the calculated system time domain response and y is the real time system response data, while the subscript i indicates the ith data point at the sampled time t i . The constrained NLS problem is solved using the Trust Region Reflective algorithm which focuses on reducing subspace trust region search. This was implemented in MATLAB using the lsqcurvefit function to identify vector x. The aim of algorithm was to minimize NLS problem to substantially zero. The optimization process was bounded to ensure that negative values of resistance, capacitance and the fractional order α is avoided. This is because the realization of negative impedance is not possible in real life while the negative value of α would indicate inductor rather than capacitor. The identified parameters using NLS based constrained optimization gave the best possible fit to the realtime experimental data as seen from the following result section.
V. RESULTS AND DISCUSSIONS
The experimental circuit shown in Fig.3 was used to collect the charging data as seen in Fig.5 . It is evident the charging and discharging curves differ from one another for the same value of supercapacitors. Manufacturing process involves different materials and production method of capacitance which impose an impact on this characteristic. Difference in the characteristic of same valued supercapacitors are likely to contain differed capacitance and fractional order from one another. However, resulting parameters obtained through experimental results can not be directly compared to those supplied by the manufacturers as datasheet values are nominal. The conditions in which the experiments in this research were conducted when compared to the ones for manufacturers' testing is likely not to be identical.
Collected data were utilized to identify the system parameters using the method outlined in the previous section. Identified values are tabulated for charging phase in Table 2 that give the best fit with data. It is worth noting that in most cases R 1 and R 2 are relatively small or near zero but not absolute zero. This is due to the fact of considering initial conditions which depicts a more realistic modeling which most of the literature fail to address when conducting time domain analysis. Not considering initial conditions results in a low capacitance value and high ESR. For instance, obtained parameters for AVX 0.47F supercapacitor with consideration of initial condition is C α = 0.35F/s 1−α , R 1 ≈ 0 , R 2 ≈ 0 , R 3 = 631.33 and α = 0.94 where as with zero initial condition the parameters result as C α = 0.19F/s 1−α , R 1 = 82.51 , R 2 = 131.15 , R 3 = 557.22 and α = 0.94. To further, justify the low values of R 1 and R 2 , the property of low resistance of supercapacitor has been taken into account. According to AVX 0.47F supercapacitor's datasheet, maximum value of the ESR is about 1 [29] . This indicates R 1 and R 2 values are likely to be low whereas leakage resistance is relatively high compared to this. Same could be justified for all the supercapacitors.
It is also observed from estimated parameters that the supercapacitor's behavior can be captured well with fractional-order impedance and varies from one supercapacitor to another for the same value of capacitance when compared directly. Furthermore, results indicate that each of the capacitors operates at different range of α values. AVX branded supercapacitors mostly operate with α = 0.9 while α = 0.4 is the operating value for Eaton branded supercapacitor. However, the Kemet branded supercapacitor did not depict a clear trend for the value of α as the values ranged from 0.6 to 0.9 for three supercapacitor values. Such observation is supporting the proposed objective to investigate with more flexible supercapacitor model. Using the charging phase parameters C α = 0.04 F/s 1−α , R 1 = 0 , R 2 = 0 , R 3 = 181101.04 and α = 0.46 for the Eaton 0.47F, it was simulated and mapped with experimental data in Fig. 6 . The integer model for the same supercapacitor was identified with parameters C α = 0.0607F/s 1−α , R 1 = 21.2356 , R 2 = 3.9825 , R 3 = 457.866 and α = 1 is also plotted on the same figure. Fractional order model identified has a maximum error of 0.05% which is significantly less compared to the integer model having maximum error of 23.34%. Through this it is firmly established that fractional order model possess better fitting than its counterpart integer model. Flexibility of model to capture the curvature is still noticed even when the integer order of the model is used.
The adaptability of the proposed model during the charging phase is seen through the parameters obtained. For different charging behaviors, there are different impedance structure present. It should be bared in mind, that the impedance structure demonstrated through the parameters not necessarily resemble supercapacitor's real impedance structure. Obtained impedance structure is only for giving optimal result. Optimized parameters either kept the proposed model intact or changed the model to the appropriate one where necessary. The change in the model results in absence of any resistance or resistances in the model while the fractional capacitance cannot be omitted. It means the models parameters would be either zero valued for R 1 and R 2 causing the model to be shorted or R 3 being relatively too high causing the parallel branch to be considered open branch.
In summary, the proposed variable structure model in Fig. 1 can be further restructured into four new simplified structures. It is determined from numerical study and results in Table 2 that variable structure as per supercapacitor's characteristics can deliver more accurate impedance model. Instead of considering the constant impedance type classical fractional RC model, the proposed model has a flexibility to consider a more suitable, simple and accurate impedance of the supercapacitor. Apart from original proposed structure in Fig. 1 , four more reduced models (sub-models) can be discovered based on estimated impedance parameters and therefore four cases are summarized below.
(a). Case 1: R 1 ≈ 0. A series R-C with a parallel resistance makes a structure as Fig.7(a) . For example Kemet Different model structure that is suitable for different supercapacitors is summarized in Table 3 . It is evident from the table with an increase in capacitance of each brand, the complexity of impedance structure increases.
For comparison, the model is analyzed against the most widely used series fractional RC model [11] which is similar to the case 3 of proposed model. To note that, initial conditions have been considered in all the cases for comparison. Numerical analysis of the error has been done using Sum of Absolute Error (SAE) as given by (20) . Table 4 shows the difference of SAE error between the two models. For AVX branded supercapacitors, it is clear that the proposed model has less error compared to RC model but for the other brands the performance index gives a vague information. The performance is somewhat similar in numerical terms for Eaton and Kemet branded supercapacitors.
Further graphical analysis is required to show the difference between the models being compared. Lets consider the first scenario given by AVX branded 1.0F supercapacitor, where there is no reduction of the proposed model. The fitting provided by both the proposed and the fractional RC model [11] is shown in Fig.8 . Taking a closer look at the curves reveal that there is a much better fitting provided by the proposed model. To further verify this, the Logarithmic Mean Square Error (LMSE) given by (21) is plotted in Fig.9 . The aforementioned claim is indeed validated by this that shows better data fitting and accuracy. Furthermore, it is noticed that though the values of R 1 and R 2 is relatively small, it can not be considered as non-existent. Models with either R 1 or R 2 considered as zero results in low accuracy when compared to the proposed model as shown in Fig.9 .
Similar comparison is made for cases 1 and 2 with the fractional RC model [11] and the results obtained through the logarithmic MSE plot indicated the same. The proposed model with its ability to be restructured into another impedance structure gave a better performance than widely used fractional RC model. This can be verified by Fig.10 and 11 , for cases 1 and 2 respectively and shown the lesser error values.
However, when the results obtained through proposed model depicting cases 3 and 4 were compared to series fractional RC model, the results were almost same. Results for cases 3 and 4 are given by Figs.12 and 13 respectively through the logarithmic MSE plot. This is because the fractional RC model used for comparison is identical to the reduced impedance model of case 3. Whereas for case 4, both the models that are being compared could be reduced to this case, again giving an identical impedance circuit.
Studying Figs.12 and 13 closely, even though the models being compared are near similar, there is still slight difference between the proposed model and the fractional RC model. Presence of multiple branches creates a node in the proposed model that allows variation in voltage and current related parameters. Thus, allowing better accuracy of the proposed model which is illustrated in this case. However, it should be noted the proposed model reduces itself to adapt to different impedance structure. In some cases the R 1 and R 2 are not absolute zero values but small enough to be considered as zero where ever applicable. Sometimes R 3 is also large enough to be considered open but there is still presence of a value which could affect the model performance.
The model however is not limited to four cases of the proposed model. There could be many other different combinations of resistors and capacitors present in the model. All these cases are presented here with just a single model which caters for the various impedance structures possible for a supercapacitor. Obviously, using one model which reduces to different impedance structures while giving the most optimal performance similar to the actual system, eases the necessity for selecting the right model. Not being able to select the right model, is likely to cause errors leading to poor designing of controls and systems incorporating supercapacitors.
Noise in data is one of the inevitable that can not be fully eradicated from a real system. Therefore, it is essential to study the effect of noise on the parameters of the system. To study this, the actual supercapacitor data is corrupted using Gaussian distributed random noise with various signal-tonoise ratio (SNR). As seen in Fig.14 , the possible variation range of all the parameters and its normalized mean values are shown. Since the actual data collected had very little to no noise, data is being corrupted to study the impact of noise. The parameters estimated from actual dataset are used as a base to normalize the noisy data parameters. The accuracy of the parameter estimation is almost acceptable and increases with an increase in SNR with very little variation in the parameter range. It depicts the compatibility of noise with the charging and discharging equations (14) and (18) and also accurately works with the proposed variable structure.
The experimental data collected was for a shorter time period as supercapacitors do not exhibit fractional-order property in larger time span. This was verified experimentally for a data set collected for 1500s for AVX branded 0.47F supercapacitor as seen in Fig.15 . The identified parameters for this particular time span were C α = 0.73F/s 1−α , R 1 = 32.10 , R 2 = 3.81 , R 3 = 9923.38 and α = 1. As per Fig. 15 , even the proposed technique gives an integer order model (α = 1) for long duration charging curve, it claims a better approximation than series RC model [11] .
VI. CONCLUSION
A flexible model is proposed in this paper that can fit the actual supercapacitor's characteristics more accurately than the conventional RC model or fractional-order RC model. Also, it has been solved for fractional-order impedance parameters from direct voltage excited step response. The merit of the proposed model is that a single model can cover various impedance structures and therefore it will reduce the necessity of assuming impedance structure before estimation process.The impedance parameters were estimated experimentally with different brands and capacity supercapacitors. Results demonstrated the adaptability of the fractional model and so improved model fitting with actual step responses. It was noted through the experiment that five different impedance structures (proposed model and its four subset) demonstrated best fitting supercapacitors' transient response. Additional future study is required to determine how manufacturing process is related to supercapacitor's behavior. In conclusion, the presented study gives more closer estimated model in compared to widely used fractional-order RC structure and therefore obviously much better fit than integer order counterparts.
